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Abstract—In this paper, the power flow in electrical systems
is modelled in the time domain by using Geometric Algebra
and the Hilbert Transform. The use of this mathematical frame-
work overcomes some of the limitations shown by the existing
methodologies under distorted supply or unbalanced load. In
such cases, the derived instantaneous active current may not be
the lowest RMS current in all circuit conditions and could contain
higher levels of harmonic distortion than the supply voltage.
Moreover, they cannot be applied to single phase systems. The
proposed method can be used for sinusoidal and non-sinusoidal
power supplies, non-linear loads, single- and multi-phase systems,
and it provides meaningful engineering results with a compact
formulation. Several examples have been included to prove the
validity of the proposed theory.
Index Terms—Time-domain power theories, geometric algebra,
Hilbert transform, three phase circuits, circuit theory, Clifford
algebra.
I. INTRODUCTION
Pioneer power theories for analysing electrical systems
were developed by Steinmetz, Kennelly and Heaviside, among
others, by the end of the XIX century [1], [2], [3]. Nowadays,
these theories are still a source of discussion and debate
concerning their correctness and physical interpretation [4].
Some of them were formulated in the frequency domain,
such as those proposed by Budeanu [5] and Czarnecki [6],
while other ones where formulated in the time domain, like
those presented by Fryze [7], Akagi [8] and Depenbrock [9].
More recently, Lev-Ari [10] and Salmero´n [11] have made
relevant contributions to the field by using the Hilbert Trans-
form (HT) and tensor algebra, respectively. All these theories
are devoted to explain the power-transfer process between
complex electrical systems and they establish mathematical
concepts associated to fictitious powers (e.g. reactive power),
which are of a great value from the engineering point of view.
Unfortunately, none of the existing proposals can be used to
separate current components in the time domain under any
type of voltage distortion, asymmetry, non-linearity of the load
or combinations thereof. Some of these limitations have been
reported in the literature [4], [12].
In this paper, a new proposal is presented to overcome these
limitations by applying two mathematical tools: Geometric Al-
gebra (GA) and the HT. GA is a versatile tool that can be used
to model different physical and mathematical problems [13].
The application of GA makes it possible to separate current
components that have engineering relevance for systems with
any number of phases (including single-phase systems) [14],
[15]. The term “engineering relevance” was explicitly used
while the term “physical relevance” was avoided, mainly
because one of the main applications of power theories is cur-
rent decomposition for load compensation purposes. Currently,
there is still controversy regarding the physical meaning of
these currents, although it is clear that they are relevant for the
engineering practice. Current decomposition is addressed from
both instantaneous and averaged points of view so that non-
necessary currents can be compensated. On the other hand,
thanks to the use of the HT [16], [17], the proposed theory
can be applied to single-phase systems seamlessly, which
is a relevant advantage compared to the existing theories.
Mathematical demonstrations are omitted in this paper for
the sake of conciseness. The paper includes an overview of
GA in order to make the paper self-contained. However, for
detailed information about GA and its applications to electrical
systems, see [18], [19].
II. GEOMETRIC ALGEBRA AND POWER THEORY
A. Hilbert Transform and Geometric Algebra Fundamentals
Consider a multi-phase system where u(t) is the voltage
and i(t) is the current. Both signals are arrays of multiple
dimensions associated to a Hilbert space. Current and voltages
are periodic and T is the period value. The HT (H) defined
in time domain is the convolution of the Hilbert transformer
1/pit and a function f(t):
H [f(t)] = 1
pi
PV
∫ +∞
−∞
f(τ)
τ − tdτ (1)
where PV is the Cauchy principal value to deal with the
singularity at t = τ . The Bracewell criteria is used to select
the sign of the transformation [20]. The HT is a crucial tool
to calculate quadrature signals and impedances in the time
domain [10]. In fact, it can be demonstrated that HT delays
positive frequency components (fundamental and harmonics)
by pi/2 [16]. In general, ‖H [f(t)] ‖ 6= ‖f(t)‖ because of the
presence of the dc component [21]. By using the HT, voltages
and currents in electrical circuits are usually converted into
analytic functions in the complex domain:
~u(t) = u(t) + jH [u(t)] (2)
~i(t) = i(t) + jH [i(t)] (3)
Note that the use of a complex algebra is not a necessary
condition and other algebras can be used as well.
Consider now an orthonormal base σ = {σ1,σ2, . . . ,σn}
defined for a vector space in Rn. Then, it is possible to estab-
lish a new geometric vector space Gn with a bilinear operation.
Under these assumptions, a vector can be represented as:
a =
∑
n
anσn = a1σ1 + . . .+ anσn (4)
Typically, the coefficients an are real numbers, but they could
be complex numbers or even vectors from another Gm space.
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2In this new space, the geometric product between two vectors
(a and b) can be defined as:
M = ab = a · b+ a ∧ b (5)
which can be seen as the sum of the traditional scalar (or inner)
product plus the so-called wedge (or Grassmann) product [13].
The latter fulfils the following property:
a ∧ b = −b ∧ a (6)
This new geometrical entity is commonly known as bivector
and it cannot be found in traditional linear algebra [13].
B. Geometric Power in Time Domain
1) Linear loads: For a general n-phase electrical system,
an array containing the instantaneous voltages can be defined
as follows:
u(t) = [u1(t), u2(t), . . . , un(t)] (7)
where each voltage is referred to a virtual star point that might
not be the same as the neutral conductor. An array representing
node injected currents is also defined:
i(t) = [i1(t), i2(t), . . . , in(t)] (8)
In order to simplify the notation, uk(t) = uk and ik(t) = ik.
The expression for the instantaneous power consumed by the
circuit is widely known, and it can be calculated as:
p(t) = u1i1 + u2i2 + . . .+ unin (9)
which represents the inner product between u(t) and i(t).
For a linear load, u(t) and i(t) can be represented in the
GA domain as the geometric vectors u and i, respectively,
by means of a 2n dimensional space with base vectors
σ = {σ1,σ1ˆ,σ2,σ2ˆ, . . . ,σn,σnˆ}, where n is the number
of phases:
u= u1σ1+H [u1]σ1ˆ+· · ·+unσn+H [un]σnˆ
i= i1σ1+H [i1]σ1ˆ+· · ·+ inσn+H [in]σnˆ
(10)
This expression represents a multidimensional analytic sig-
nal in the GA domain. The use of the HT in (10) becomes
essential to overcome the shortcomings of some existing time
domain power theories [4], [12], [22] and it is one of the main
contribution of this work. It is strongly based on the works of
Nowomiejski, Saitou and Lev-Ari [17], [16], [10]. Note that
the use of the HT is mandatory for single-phase calculations,
but it can be omitted in the case of systems with more than
one phase provided that an instantaneous approach is used, as
in the IRP theory.
The norms of the geometric voltage and current vectors are:
‖u‖ = √uu = √u · u =
√√√√ n∑
k=1
u2k +H2 [uk]
‖i‖ =
√
ii =
√
i · i =
√√√√ n∑
k=1
i2k +H2 [ik]
(11)
The instantaneous geometric power is defined as the product
of voltage and current vectors, thus
M = ui = u · i+ u ∧ i (12)
Similar expression have been obtained in the literature by
using other modelling tools (complex numbers, matrix algebra,
vector calculus, quaternions, tensors, etc.). However, this one
is more compact and unifies the application of GA tools, which
can reduce the complexity of calculations. This expression
consists of two terms that have a different nature, i.e., a
scalar and a bivector term. This mathematical entity is called
a multivector and it can be written as
M = Mp +Mq (13)
where
Mp = u · i =
n∑
k=1
ukik +H [uk]H [ik]
= u1i1 +H [u1]H [i1] + . . .+ unin +H [un]H [in]
Mq = u ∧ i =
∣∣∣∣∣∣∣∣∣
σ1 σ1ˆ . . . σn σnˆ
u1 H [u1] . . . un H [un]
i1 H [i1] . . . in H [in]
∣∣∣∣∣∣∣∣∣ = (14)
= (u1H [i1]−H [u1] i1)σ11ˆ + (u1i2 − u2i1)σ12
+ . . .+ (unH [in]−H [un] in)σnnˆ
The term Mp is the scalar part and it includes the instan-
taneous active power p(t). It will be referred to as parallel
geometric power. The term Mq is the bivector part and will
be named quadrature geometric power. It comprises the well-
known instantaneous reactive power in the IRP theory and
its further refinements [23], [24], [25], [11]. In (15), the
determinant can be calculated by using Leibniz or Laplace
formula.
The instantaneous geometric power M can also be written
in terms of a commutative and anti-commutative part:
Mp =
1
2
(ui+ iu) =
1
2
(
M +M †
)
(15)
Mq =
1
2
(ui− iu) = 1
2
(
M −M †) (16)
whereM † is the reverse of the instantaneous geometric power.
It is worth noting that no matrices nor tensors are used in
the definitions of powers presented in (12)−(16). This leads
to a very compact formulation that simplifies mathematical
expressions.
2) Non-linear loads: If the load is nonlinear, the current
i(t) has additional harmonics that are not present in the voltage
source. These harmonics are included in i⊥(t) and some
authors refers to it as “out-of-band” current [10]. The total
current can then be expressed as:
i(t) = i‖(t) + i⊥(t) (17)
3where
i‖(t) =
[
i1‖(t), i2‖(t), . . . , in‖(t)
]
i⊥(t) = [i1⊥(t), i2⊥(t), . . . , in⊥(t)]
(18)
Therefore, the geometric transformation should include this
new current component. To this end, the dimension of the
space must be increased by a number equal to the total number
of phases. Therefore, the current and voltage expressions for
a non-linear circuit becomes:
u = u1σ1 +H [u1]σ1ˆ + · · ·+ unσn +H [un]σnˆ
i = i1‖σ1 +H
[
i1‖
]
σ1ˆ + i1⊥σ1˘ + . . .
+in‖σn +H
[
in‖
]
σnˆ + in⊥σn˘ = i‖ + i⊥
(19)
where ik‖ and ik⊥ are the part of the k-th harmonic current
present and not present in the voltage, respectively. The
dimensionality of the geometric space needs to be increased,
so the basis is now σ = {σ1,σ1ˆ,σ1˘,σ2, . . . ,σn˘}. From a
general point of view, a base with 3n dimensions should be
required, where n is the number of phases. In this case, the
geometric apparent power becomes:
M = ui = u(i‖ + i⊥)
= M‖ +M⊥ = Mp +Mq +M⊥
(20)
It can be seen that the power consist of a “in-band” geometric
power and another “out-of-band” geometric power. The former
includes the terms already present in (13).
C. Current Decomposition
If i(t) is the instantaneous current demanded by a load,
it can be separated into meaningful engineering components
by manipulating (12) or (20) (depending on the nature of the
load). For a linear load, left multiplying by the inverse of the
voltage vector leads to:
u−1M = u−1ui = i (21)
since u−1u = 1.
The inverse of a vector in the geometric domain is:
u−1 =
u
‖u‖2 (22)
which can be used in (21) to find the current decomposition.
By replacing (13) in (21):
i = u−1M =
u
‖u‖2M =
u
‖u‖2 (Mp +Mq)
=
u
‖u‖2Mp +
u
‖u‖2Mq = ip + iq
(23)
The term ip is commonly known as instantaneous geometric
parallel current, while the term iq is the instantaneous geo-
metric quadrature current and is orthogonal to ip. It should
be noted that iq is not a pure reactive current since it is
not always related to energy oscillations in reactive elements
like inductors or capacitors [26]. In fact, it includes the
effects generated by asymmetries of voltage sources and load
unbalance.
The Fryze current can also be defined by using GA:
iF =
M¯p
‖u¯‖2u (24)
where M¯p is the mean value of the geometric parallel power
and ‖u¯‖ is the RMS value of the geometric voltage. It can
be readily demonstrated that M¯p = 2P , where P is the active
power. Moreover, the reactive current defined by Budeanu and
supported by Willems [27], Lev-Ari [10] and Jeltsema [28]
(among others) is:
iB =
M¯q
‖u¯‖2H [u] (25)
where M¯q is the mean value of the quadrature geometric
power. Similarly, M¯q = 2Q, where Q is the reactive power
defined by Budeanu. Therefore, the current expression can be
fully decomposed as follows:
i = ip + iq = iF + if + iB + ib (26)
where if is the Fryze complementary current required to
conform the parallel current. Similarly, ib is the Budeanu
complementary current required to conform the quadrature
current. The asymmetry or unbalance current is included in if
and ib.
In the case of a non-linear load, only M‖ should be used
in (23) for current decomposition purposes. The total current
is then
i = i‖ + i⊥ = ip + iq + i⊥
= iF + if + iB + ib + i⊥
(27)
The use of GA allows a natural decomposition of currents
without requiring additional tools such as Clarke or Park
transformations. The proposed methodology can be seamlessly
applied to any distorted system since no constraints have been
imposed to the waveforms of voltages and currents in this
regard. This theory can be applied to any circuit with an
arbitrary number of phases, including single-phase systems.
This cannot be achieved by using other theories such as the
IRP and it is a relevant feature of this proposal.
The inverse transformation from the geometric to the time
domain for any current component in i‖ is:
i(t) =
n∑
k=1
[i]k (28)
where [·]k refers to the k-th term of the geometric vector of
the parallel current i‖.
D. Properties of M and i
The instantaneous geometric power M and the instanta-
neous geometric current i fulfil a number of mathematical
properties that reinforce the geometric interpretation of the
proposed theory. These are explained below.
1) Orthogonality of the Components of M : The parallel
geometric power Mp is a scalar number, while the quadrature
geometric power Mq is a bivector. Therefore, their internal
product is zero and this implies orthogonality:
Mp ·Mq = 0 (29)
In addition, the norm of the instantaneous geometric power is:
‖M‖ =
√
〈MM †〉0 = ‖u‖‖i‖ (30)
4which can further be developed, yielding:
‖M‖2 =
〈
(Mp +Mq) (Mp +Mq)
†
〉
0
= ‖Mp‖2 + ‖Mq‖2
E. Orthogonality of Current Components
As shown in (23), the instantaneous geometric current i can
be decomposed into two vectors, ip and iq . Based on (29),
these vectors are orthogonal:
ip · iq = u‖u‖2Mp ·
u
‖u‖2Mq =
1
‖u‖2Mp ·Mq = 0 (31)
Also, it can be demonstrated that all the terms in (26) and (27)
are also orthogonal to each other.
III. INSTANTANEOUS GEOMETRIC IMPEDANCE
For a linear load, the instantaneous relationship between
in-band components of phase voltages and currents can be
defined as the instantaneous geometric impedance. For a
phase k, the current and voltage can be represented either in
Cartesian or polar coordinates as [18]:
[u]k = ukσk +H [uk]σkˆ = Ueϕ
v
kσkkˆσk
[i]k = ik σk +H [ik]σkˆ = Ieϕ
i
kσkkˆ σk
(32)
where eϕ
v
kσkkˆ is a rotor, which is used performs a rotation of
ϕ degrees to vectors in the Argand plane σk−σkˆ. Therefore:
Zk = [u]k [i]
−1
k = Ue
ϕvkσkkˆσkI
−1eϕ
i
kσkkˆσk
=
U
I
e(ϕ
v
k−ϕik)σkkˆ = Zk∠ϕk
= Rk +Xkσkkˆ
(33)
In the above expression, Zk = U/I is the instantaneous
impedance module, ϕk = ϕvk−ϕik is the instantaneous phase,
Rk = Zk cosϕk represents the instantaneous resistance and
Xk = Zk sinϕk is the instantaneous reactance.
IV. EXAMPLE I: SINGLE-PHASE CIRCUIT
A. Example Overview and Apparent Power Calculation
Fig. 1 shows two simple circuits that are commonly used
in the literature to highlight that traditional power theories
do not provide satisfactory results for apparent power calcu-
lations. For a non-sinusoidal voltage supply such as u(t) =
100
√
2 (sin t+ sin 3t) the reactive power components (in the
Budeanu sense) produced by each harmonic are equal, but with
opposite signs. Therefore, the total average reactive power is
zero in both cases.
This problem has already been solved by using GA in the
frequency domain [29]. It was proven that geometric apparent
power components can be clearly identified and, therefore, the
geometric apparent power value for each of the circuits in
Fig. 1 is different. Unfortunately, the use of complex algebra
does not allow finding the interaction between voltage and
current harmonics of different frequency. This is the root cause
to find that the circuit a) can be completely compensated by
passive elements, but not b) that needs an active compensator
to achieve unity power factor. In this paper, the same circuit
will be solved, but in the time domain.
u(t)
R = 1
i
L =
1
2
C =
2
3
(a)
u(t)
R = 1
i
L =
1
2
C =
2
7
(b)
Figure 1. The RLC circuits used for Example I.
The geometric voltage and current vectors in the time
domain are obtained by using (10), yielding:
u = u(t)σ1 +H [u(t)]σ1ˆ
i = i(t)σ1 +H [i(t)]σ1ˆ
(34)
The current waveforms for circuits (a) and (b) are:
ia = 50
√
2 (sin t+ cos t+ sin 3t− cos 3t) (35)
ib =
√
2 (10 sin t+ 30 cos t+ 90 sin 3t− 30 cos 3t) (36)
From now on, sub-indexes a and b stand for circuit (a) and
(b), respectively. The voltage and currents in the geometric
domain are:
u = 100
√
2 (sin t+ sin 3t)σ1 + 100
√
2 (cos t+ cos 3t)σ1ˆ
ia = 50
√
2 (sin t+ cos t+ sin 3t− cos 3t)σ1
+ 50
√
2 (cos t− sin t+ cos 3t+ sin 3t)σ1ˆ
ib =
√
2 (10 sin t+ 30 cos t+ 90 sin 3t− 30 cos 3t)σ1
+
√
2 (10 cos t− 30 sin t+ 90 cos 3t+ 30 sin 3t)σ1ˆ
The geometric apparent power can be calculated with (12),
yielding.
Ma = M
a
p +M
a
q = 20, 000 (1 + sin 2t+ cos 2t)︸ ︷︷ ︸
Map
Mb = M
b
p +M
b
q = 20, 000 + 12, 000 sin 2t+ 20, 000 cos 2t︸ ︷︷ ︸
Mbp
− 16, 000 sin 2tσ11ˆ︸ ︷︷ ︸
Mbq
In both cases, the active power is P = M¯p/2 = 10, 000 W.
However, for the quadrature geometric power Maq = 0 while
M bq 6= 0. From a practical point of view, this implies that
circuit (b) would need active filtering elements in order to
achieve unit power factor. In both circuits the reactive power
(in the Budeanu sense) is Q = M¯q/2 = 0, so it is not possible
to know the eventual passive compensation elments in the
time domain. A frequency-domain approach should be used
to calculate the contribution of every harmonic (one by one)
to the geometric apparent power [29].
B. Current Decomposition
The current can be decomposed by using the expressions
(23)–(26). In order to use them, the inverse of the voltage
5vector should be calculated:
u−1 =
u
‖u‖2 =
sin t
100
√
2
σ1 +
cos 2t
200
√
2 cos t
σ1ˆ
The current components obtained by using this procedure are
shown in Table I. Note that only the norm of σ1 = σ1ˆ is
This composition clearly highlights the differences between
the two circuits. First, it can be seen that even if the module
is the same, the waveforms differ between them. The parallel
current ip for circuit (a) is slightly slower compared to that of
circuit (b). The Fryze current iF is the same for both circuits
because the active power consumption P is also the same. In
both circuits the current iB is zero. This confirms that it is
not possible to compensate their current in the time domain
by using only passive elements.
C. Geometric Impedance Calculation
Currents in the domain can be reconstructed by using (28).
The last column of Table I shows the module of this current.
Fig. 2 shows the current components for both circuits. The
instantaneous impedance of the circuit can be calculated by
using (33):
Z = ui−1 = u
i
‖i‖2 =
M
‖i‖2
Therefore, for circuits a) and b), it follows that
Za = 1 +
cos 2t
1 + sin 2t
Zb = 1 +
5 cos 2t
5 + 3 sin 2t
− 4 sin 2t
5 + 3 sin 2t
σ11ˆ
The two circuits have different behaviours because their in-
stantaneous impedances are also different. It can be seen
that circuit a) does not present instantaneous reactance, while
circuit b) does. The resistive parts also differs.
V. EXAMPLE II: THREE-PHASE CIRCUIT
Fig. 3 shows a circuit that has been used by several authors
to highlight the weaknesses of the IRP theory [12], [4].
First, only instantaneous values are used in the IRP theory
and, therefore, some results might be considered senseless
or even erroneous. However, this theory is widely used for
instantaneous current compensation. If the GAPoT theory is
used but omitting the HT (10) representation, results will
be similar to those obtained by using IRP theory. This
fact suggests that cross-product theories are a subset of the
geometric algebra formulation, where tradition cross vector
product is used instead of the more general exterior product.
Unfortunately, cross product can only be used only in three
dimension spaces, which limits its applicability. This is not
the case for GAPoT. It can be used for any number of phases.
For a three-phase system, the voltage and current are
u = uRσ1 + uSσ2 + uTσ3
i = iRσ1 + iSσ2 + iTσ3
so that, by applying again (12), a similar procedure would be
performed as in the previous single-phase example. However,
if the complete transformation is used and the HT is included,
(a) Circuit a
(b) Circuit b
Figure 2. Current in time domain for circuits in Fig. 1.
Figure 3. Unbalanced three-phase four wire circuit
the new results are in line with what is expected from an
electrical point of view, i.e. the minimal current (as in the
Fryze sense) can be obtained. In the circuit of Fig. 3, the
supply voltage is balanced and sinusoidal:
uR(t) =
√
2U cosωt
uS(t) =
√
2U cos (ωt− 120)
uT (t) =
√
2U cos (ωt+ 120)
Only the phase R has a current value different to zero, thus:
iR(t) =
√
2GU cosωt
6vector
σ1 σ1ˆ ‖σ1‖
ip
a)
√
2 (50 sin t+ 50 cos t+ 50 sin 3t− 50 cos 3t) √2 (50 cos t− 50 sin t+ 50 cos 3t+ 50 sin 3t) 100.00
b)
√
2 (50 sin t+ 30 cos t+ 50 sin 3t− 30 cos 3t) √2 (50 cos t− 30 sin t+ 50 cos 3t+ 30 sin 3t) 82.45
iq
a) 0.00 0.00 0.00
b)
√
2 (−40 sin t+ 40 sin 3t) √2 (−40 cos t+ 40 cos 3t) 56.56
iF
a)
√
2 (50 sin t+ 50 sin 3t)
√
2 (50 cos t+ 50 cos 3t) 70.71
b)
√
2 (50 sin t+ 50 sin 3t)
√
2 (50 cos t+ 50 cos 3t) 70.71
if
a)
√
2 (50 cos t− 50 cos 3t) √2 (−50 sin t+ 50 sin 3t) 70.71
b)
√
2 (30 cos t− 30 cos 3t) √2 (−30 sin t+ 30 sin 3t) 42.42
iB
a) 0.00 0.00 0.00
b) 0.00 0.00 0.00
ib
a) 0.00 0.00 0.00
b)
√
2 (−40 sin t+ 40 sin 3t) √2 (−40 cos t+ 40 cos 3t) 56.56
i
a)
√
2 (50 sin t+ 50 cos t+ 50 sin 3t− 50 cos 3t) √2 (50 cos t− 50 sin t+ 50 cos 3t+ 50 sin 3t) 100.00
b)
√
2 (10 sin t+ 30 cos t+ 90 sin 3t− 30 cos 3t) √2 (10 cos t− 30 sin t+ 90 cos 3t+ 30 sin 3t) 100.00
Table I
CURRENT DECOMPOSITION FOR CIRCUIT IN FIGURE 1.
Based on this information, the instantaneous voltage and
current geometric vectors are provided:
u =
√
2U [cosωtσ1 − sinωtσ1ˆ + cos (ωt− 120)σ2
− sin (ωt− 120)σ2ˆ + cos (ωt+ 120)σ3
− sin (ωt+ 120)σ3ˆ]
i =
√
2GU [cosωtσ1 − sinωtσ1ˆ]
which leads to the apparent geometric power:
M = ui = 2GU2 [1− cosωt cos (ωt− 120)σ12
+ cosωt sin (ωt+ 120)σ12ˆ − cosωt cos (ωt+ 120)σ13
+ cosωt sin (ωt+ 120)σ13ˆ − sinωt cos (ωt− 120)σ1ˆ2
+ sinωt sin (ωt− 120)σ1ˆ2ˆ − sinωt cos (ωt+ 120)σ1ˆ3
+ sinωt sin (ωt+ 120)σ1ˆ3ˆ]
In the above expression, the parallel power is constant and its
value is Mp = 2GU2. This is consistent with the expected
results, since it is a purely resistive circuit that demands an
active power equal to P = GU2 = M¯p/2. The other terms are
bivector elements related to the unbalance components of the
load. Note that the terms σ11ˆ, σ22ˆ and σ33ˆ are not present in
the expression. This means that there is no reactive power in
the Budeanu sense, and this is reasonable since there are no
inductive nor capacitive elements. Once the geometric power
has been calculated, the current decomposition is obtained
according to (23)-(26). Considering that ‖u‖2 = 6U2, then
ip =
u
‖u‖2Mp =
G
3
u
=
√
2
GU
3
[cosωtσ1 − sinωtσ1ˆ + cos (ωt− 120)σ2
− sin (ωt− 120)σ2ˆ + cos (ωt+ 120)σ3
− sin (ωt+ 120)σ3ˆ]
iq =
u
‖u‖2Mq = i− ip =
=
√
2
GU
3
[2 cosωtσ1 − 2 sinωtσ1ˆ − cos (ωt− 120)σ2
+ sin (ωt− 120)σ2ˆ − cos (ωt+ 120)σ3
+ sin (ωt+ 120)σ3ˆ]
For this example, the Fryze current matches the parallel current
(ip = iF ). Therefore, if = 0. Also, there is no reactive (in
the Budeanu sense) current since M¯q = 0, and therefore iB =
0. It can be seen that ib = iq . This means that this current
contains all the asymmetrical components, which include both
zero sequence current i0 and negative sequence current i−:
iq = ib = i0 + i−
7Figure 4. Currents decomposition for three-phase circuit
i0 =
√
2
GU
3
[cosωtσ1 − sinωtσ1ˆ + cosωtσ2
− sinωtσ2ˆ + cosωtσ3 − sinωtσ3ˆ]
i− =
√
2
GU
3
[cosωtσ1 − sinωtσ1ˆ + cos (ωt+ 120)σ2
− sin (ωt+ 120)σ2ˆ + cos (ωt− 120)σ3
− sin (ωt− 120)σ3ˆ]
Fig. 4 shows the current decomposition for this problem,
considering U = 230 V, ω = 1 rad/s and G = 1 mho. The
time domain current can be obtained by applying (28) to the
geometric vector
ip(t) =
iRp(t)iSp(t)
iTp(t)
 = √2GU
3
 cosωtcos (ωt− 120)
cos (ωt+ 120)

iq(t) =
iRq (t)iSq (t)
iTq (t)
 = √2GU
3
 2 cosωt− cos (ωt− 120)
− cos (ωt+ 120)

=
√
2GU
3
cosωtcosωt
cosωt

︸ ︷︷ ︸
i0(t)
+
√
2GU
3
 cosωtcos (ωt+ 120)
cos (ωt− 120)

︸ ︷︷ ︸
i−(t)
VI. CONCLUSIONS
In this work, the power definitions and operations for multi-
phase electrical circuits in time domain has been presented
by using geometric algebra and Hilbert transform. It has been
shown that the use of these tools greatly simplify mathematical
expressions, leading to a very compact formulation. Moreover,
it establishes a general and powerful framework to apply under
any supply or load condition. The proposed formulation can
be applied to both single- and multi-phase systems, and it
provides a robust interpretation that is in good agreement with
electrical engineering evidences. To the best of our knowledge,
no other power theory is able of achieving these results.
Current decomposition can be easily carried out as a natural
inverse operation and the results highlight the validity of the
methodology through test circuits previously proposed in the
literature. Further research will be focus on the application of
this new theory to calculate power flows in distorted electrical
networks with non-linear loads.
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